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The purpose of this paper is to consider the geometry of a manifold M, equipped with
an arbitrary symmetric (0,2) tensor field g. If this tensor field has singular points, i.e.
points where g degenerates, then the pair (M, g) is called a singular semi Riemannian
manifold. In this paper we prove an existence theorem for geodesics through singular points
and parallel translate along smooth curves through singular points. Furthermore we prove
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geodesics through conformal singular points retain their significance as an almost meeting
point for nearby geodesics.
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1. Introduction

For an arbitrary smooth symmetric (0, 2) tensor field g on a smooth n-di-
mensional manifold M we define the set of singular points of g to be

Z = {p e M| g is degenerate} .

In the domain of a chart (U,¢), U NE consists of the zeroes of det{g;;}. If
this function has at p € = a critical point, then p is a critical singular point,
otherwise a noncritical singular point of g. This is a coordinate independent
property. In general £ is nonempty. In particular this will often occur, when
M is an arbitrary submanifold of a semi-Riemannian manifold and g is the
pullback of the metric tensor in the ambient space. Also define

Z(k) = {p € M| g, is nondegenerate of index k} ,

where the index of g, is the dimension of the largest subspace on which g, is
negative definite. Notice that the = (k) are semi-Riemannian manifolds. Thus
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Z (k) has a Levi-Civita connection. In section 2 we answer the following
questions in the affirmative:

Do geodesics for the Levi-Civita connection of = (k) reach noncritical
points of = ? If so, can one suitably extend geodesics from, say, .= (k) to
Sk +1)?

Section 3 deals with the problem of parallel translating vector fields along
curves through noncritical singular points.

Now suppose, that g = fh, where 4 is a smooth metric tensor and f
is a smooth function on M. The zeroes of f are called conformal singular
points. Theorem 4.1 gives the existence and uniqueness of geodesics through
conformal singular points. This enables one to define parallel translation across
conformal singular points, when M, f and & are real analytic. This in turn
gives rise to the existence and uniqueness of Jacobi fields along geodesics
through Z. These results are useful, since one can find a geodesic variation of
a geodesic through =, whose variation vector field is a prescribed Jacobi field.

The study of intrinsic properties of degenerate submanifolds has been con-
sidered in refs. [7-9]. These papers take a different approach. It is assumed
that the index and null index of the metric is constant. Degenerate Lagrangian
systems constitute a slightly more general problem. Their study was initiated
by Dirac in ref. [2]. This work was continued in refs. [11,15,17]. The present
paper is also related to ref. [18]. This work on constrained differential equa-
tions has applications in electrical circuit theory, which are also the incitement
for refs. [14,10].

2. Degenerate pregeodesics

In this section we prove an existence theorem for geodesics through =. To
this end we need

Definition 2.1. A C'-curve y : Jt=,t*[ — M defined on a neighbourhood of
zero is a degenerate pregeodesic through p € =, provided y(0) = p and the
restriction of y to ]#~,0[ and ]0, t* [, respectively, are pregeodesics in M\Z.

Recall, that a pregeodesic in M is a smooth curve § : I — M, which
can be reparametrized to a geodesic. Given a chart (U, ¢) around p, define
a function f = det{g;;} on U. In this section we assume, that pe = isa
noncritical singular point for g. We can then suppose that 0 is a regular value
of f, hence ZNU is a smooth hypersurface of U. Define V = U\Z and a
smooth vector field

X : TVSTTV , yu X(y),
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where X (y) denotes the geodesic spray evaluated at y € TV. for- X has a
unique smooth extension X to TU. In the coordinates

X(uv) = v, for-v,—-%, ; [Kvivie) = (v, fom-v,Y(1,v)) ,

where [}¥ is the unique smooth extension of fI}¥ to U, I}¥ are the Christoffel
symbols and ey, ..., e, is the canonical basis in R".

Definition 2.2. w € T,M\T,Z is radial provided (w)!, and X (w) are linearly
dependent.

Here (w)/, denotes the vertical lift of w € T, M with respect to v € T,M as
in [1, p. 227]. In fact (w)/ is the tangent vector to the curve ¢ — v + fw at
t = 0. Thus a vector in T,M\T,Z is radial iff its local representaiive v and
Y (¢(p),v) are linearly dependent. Radiality is coordinate invariant and an
important concept for the geodesic existence problem in the present context.

Theorem 2.3. w € T,M\T,ZE is radial iff there is a degenerate pregeodesic y
through p with y' (0) = w.

Proof. In a chart (U, ¢) around p, f induces a function on ¢(U) also denoted
f. Define a vector field

Z : $(U) xR"\{0} = R" xR" ,
v, y) = f (), Y(,y) =y(Y(v,y),»)/(y,y) = (Wf(v),W(v,y)) .

Here ( , ) denotes an inner product in R” with associated norm || ||
Suppose w € T,M\T,Z is radial. This implies that the local representative
(u, z) of w is a singular point for Z. Then

_ [ zDfy 0
Dz(u,Z) - (Dl Wiuz) Dz"’(u,z)>

has eigenvalue A 2 Df,(z) < 0, say. Now take a generalized eigenvector
(vy,v;) for DZ, ,) belonging to A with v; # 0. Then v, ¢ ker D f,. According
to the stable manifold theorem [5, p. 152] there exist x = (x1,x2), y =
W1,y2) € W5(Z,(u,z)), such that f(x,) >0 and f(y,;) < 0. This is because
v is in the tangent space to W°(Z,(u,z)) at (u,z). Here W*(Z, (u,z))
denotes the stable manifold of Z through (v, z). Now define

Vo o: $(UNSH0) xR™\{0} = R" xR" , (v,y) — Z(v,y) »

R

[ ()
!

F(z)=/ofomod>x(s)ds, te 17 (Z), 1 (Z2)
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where @ and ¥ denote the flows of Z and V, )tz (Z),t} (Z)[ denotes the
domain of definition of &, and =, is projection on the first factor. Then
Y. o F = &, since f is nonzero along P,. We claim that ¢ (V) < +oc.
There are € > 0 and k > 0 such that

| fOI< kllx—ull, xeBw)<SeU),

where B, (1) denotes the open ball of radius € around u. Since x belongs to
W3(Z, (u, z)) there are a, §,7 > 0 such that

| @1t) —ul|l < cexp(=Bt) , t>T .

Hence .
F(1) s/ K| ®1(s) —u |l ds + Ky < Kz < +00
1]

for all 1 > T and some positive K; and K;. Similarly z; (V') > —oc. Due to the
definition of ¥ we have ¥ = (B,8') and ¥, = (6,8'); hence the covariant
derivative of g’ is
—BY, BN/ (foB (B BY) .

According to the definition of V¥, B and J are regular curves. Since g’ and 8"
are collinear, the restriction of g to ]0,¢3 (V) [ is a pregeodesic according to
[12, p. 95]. Similarly the restriction of J to 1#; (¥),0[ is a pregeodesic. Now
define  to be

P+t (V)), tel-tf(V),0[,
5’([) =4qu, t=0,
Y+ (), e 10, (N,

and verify that it is C!. Finally put y = ¢! o », which is a degenerate
pregeodesic with initial velocity w.

Suppose now for contradiction that a w € T,M\T,= which is not radial
had a degenerate pregeodesic y: Jt~,¢t* [ — U with y'(0) = w. Again we use
(u, z) to denote the local representative of w. Reparametrize the restriction of
y to ]0,¢* [, to a geodesic. The local representative of this geodesic is denoted
y. Now we can reparametrize  to a smooth curve f such that (B, 8') is
an integral curve of V, again using [12, p. 95]. This integral curve in turn
can be reparametrized to an integral curve & : Js—, st — ¢(U) x R" for
the vector field Z. Since f o B is everywhere nonzero, we can assume that
f o B is positive, the other case being similar. The definition of the vector
field ¥ shows that (f’, B') is constant. For some nonzero real number a we
then have £(¢) — (u,az) as t — s~. Now s~ > —oc , because Z (u,az) £ 0
when w is not radial. But since f o = 0 is invariant under the flow of Z,
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this contradicts uniqueness of integral curves for Z through (u#,az). Hence w
cannot have a degenerate pregeodesic and the theorem follows. a

Theorem 2.3 characterizes radial vectors geometrically as being those vectors
w in T,M\T,= for which there exists a degenerate pregeodesic through p with
initial velocity w.

Remark 2.4. One could view the definition of Z in theorem 2.3 as a blowing
up construction for second order differential equations. Note that ¢(U) x §"~!
is invariant under the flow of Z. Concerning the blowing up construction for
first order differential equations, see, for instance, ref. [3] or ref. [19].

Example 2.5. Consider M = R? with (0,2) tensor ¢ = udu® + dv? in
coordinates (u,v) € R2. The geodesic equations are

d2u s a2
¥l + —( ") Tl =0.
Hence
Y (u,v;x,) = (-1x%,0).

z = (1,0) is radial and dfy(z) = 1, hence theorem 2.3 applies. Notice that
7(s) = (5,85, ser,

are degenerate pregeodesics with y'(0) = (1,0) regardless of the value of
B € R. So theorem 2.3 gives us existence of degenerate pregeodesics , but there
may be several degenerate pregeodesics with the same initial velocity, that are
not just reparametrizations of each other.

Example 2.6. Let o denote a smooth function on R, . By revolving the smooth
curve
B(s) = (5,0,a(s)) , seR, ,

in R3, with metric tensor g = dx? + dy? — dz?, around the third axis we
obtain a smooth surface M of revolution in [R%. If o’ (sg) = +1, then the circle
C in x3 = a(sy) with center in (0,0,a(so)) and radius sy consists of singular
points for the pullback of the metric tensor from R; to M. If a”(sp) # O
these singular points are all noncritical. The radial vectors in T,M,p € C, are
precisely the nonzero tangent vectors to the meredian curves. Due to theorem
2.3 a degenerate pregeodesic through a singular point p € C and with initial
velocity transverse to C, must be tangent to the meridian curve at p.
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3. Parallel translation

Consider a smooth curve o : ]a,b[ =1 30— M, such that a(t) is in &
for ¢ = 0 only. We will assume that p = a(0) is a noncritical singular point
and that o’ (0) ¢ T,.=. The aim of this section is to prove the existence of a
subspace A, of the tangent space to M at p such that for every v € 4, there
exists a parallel vector field X along the restriction of & to 7\{0} such that

IimX{)=v .
—0

Now let (U, ¢) be a chart around p. To any y € T,M take a smooth vector
field Y along a such that Y (0) = y and verify that

lim f o e Va Y () (3.1)

exists and is independent of the choice of Y. The tangent vector in (3.1) is
denoted L(y). This defines a linear map L : T,M — T,M. This linear map
depends on the choice of chart, but its kernel 4, does not.

Lemma 3.1. dimA, = n — 1. A, is nondegenerate.

Proof. We can and will assume that a(I) is contained in the domain of a chart
(U, ¢) such that

{8ii}p = {8ii9}}s >
where g1 = 0,8 # 0 for i > 2. This follows from the fact that p is a non-
critical singular point and because we can take an orthogonal basis vy,... ,Un
for T, M, that is, g(v;,v;) = g(v;,vj)éj. It will reduce the forthcoming com-
putations significantly. Now define

A IR =R A1) () = =) Trei(t)yjer . (3.2)
Notice that —A(0) is the local representative of L. Letting {G"/} denote the

matrix of cofactors of {g;;}, we have G},‘ # 0, G,’;j = 0 otherwise. This means,
that the matrix representation of 4(0) in the canonical basis of R” is
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where

1,081 | 08 Ok
. 12 ! _ !
a = XI: G Z(Bxk + axi  Ox )a}(0) .
The first part of the lemma now follows from the observation that g, = % X
df (a’(0)) # 0, where f = det{g;;}. Now define

1
a

(a i_a _a_)
kox Tox.’

fe =

2 <k <n.

{f*}k>2 constitutes a basis for 4, and g(fx,f;) = gwd}, from which the
lemma follows, cf. ref. [12, 2, lemma 19]. 0

We can now prove the following characterization of the subspace A,.

Theorem 3.2. The tangent vector vy, € TyM is in Ay, iff there exists a parallel
vector field X along the restiction of a to I\{0} such that X (t) — v, for t —= 0.

Proof. Let v, € A,. There is no loss of generality in assuming that a(I) is
contained in the domain of a chart (U, ¢) around p. Now let A denote the
linear time dependent vector field, defined in (3.2). Furthermore define

B :R'XI-R'xR, (p,8)— (A(8)y, foal(f)) .

Notice that (v,?,O) = (v,0) is a singular point for the vector field B and

that
A0
DBy = ( g ) Z) ,

where we have put 4 = df (a’(0)). With no loss of generality we can assume
that 1 < 0. There exists a generalized eigenvector v = (vy,v3), v3 # 0,
corresponding to the eigenvalue A. According to the stable manifold theorem
there exist x = (£,6) and y = (n,0) with foa(d) >0 and foa(og) <0
such that

D, (1), D, (t) = (v,0) fort— +o0,

where @ is the flow of B. This is because v is in the tangent space at (v,0)
to the stable manifold of B through (v,0). Now define

Lodv e
FX(I)=AW’ te]aao[s HX“FX ’

todu -1
Fy([) =L f—OaT)_ , L€ ]O,b[ , Hy =Fy .
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Use the identities Hy = ®2 and H, = @] to verify that

1
/Y¢(I) - (‘D.\‘OE\‘(I) , 1€ ]G,O[ .
@ oF (1), 1€10,b[,

is the local representative of the parallel vector field X that we seek. Simply
differentiate X® and use the definition of B and then the definition of 4 to
show that X is parallel. X (¢) converges to v because .x and y belongs to the
stable manifold of B at (v,0).

Given v ¢ 4,, assume for contradiction that there exists a parallel vector
field X, along the restriction of « to 7\{0} such that X,(¢t) — v fort — 0. The
first part of the proof shows that we can find parallel vector fields X, ..., Xn_;
along the restriction of o to I\{0} such that lim,_o X, (¢) , ..., lim,_q X,_; (¢)
T,M, since then

lim det{g (Xi(1), X;(1))} £ 0

although p € =. a

Example 3.3, Consider again M = R? equipped with the (0,2) tensor from
example 2.5. Parallel transport along a : R — R?, ¢+ (£,0) is controlled by

dX _ [-1/2t0
E‘( 0 O)X'

This means that X (t) = (J¢|~1/2,1), 1t # 0, is parallel and A, = ker du.

4. Conformal singular points

Let us now change the setting and consider a smooth manifold Af, equipped
with a C* two tensor g = fh, where f is a smooth function on M and A is a
smooth semi-Riemannian metric tensor on M. Notice that in this context the
singular points are never noncritical when the dimension of Af is greater than
one. Hence the existence results of the previous two sections do not apply.
Instead we can do better and get the existence and uniqueness of geodesics
through a singular point p for the two tensor g. The set of points in M
where f is nonzero is open in M and thus g has a Levi-Civita connection
V¢ here. The proof of the next result shows that a tangent vector w on
the null cone {v € T,M | h(v,v) = 0} at a conformal singular point p has
a smooth degenerate pregeodesic with initial velocity w, provided suitable
nondegeneracy conditions hold.
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Theorem 4.1.
(i) To every a € R and v € T,M with h(v,v) = 0 and df(v) > 0, there
exists a V& geodesic y: 10,e[ — M with

foy()yY()—v fort—0,
gW.v)=a, foy>0. (4.1)

If o : 10,e9[— M is a geodesic satisfving (4.1), then ¢ = y in their common
domain of definition.
(it) Suppose h(df,df), > 0. Given a >0 there exists a V$ geodesic

riel-e6e [\ {0} =M

satisfving (4.1) with v = 0. If 0 : 1 — €p.€0[ \ {0} — M is another geodesic
satisfying (4.1), then ¢ = y in their common domain of definition.

Proof. Take an integral curve n: ] —-4,0 [ — T*M for the Hamiltonian vector
field X} with Hamiltonian K — laf o 7* on T*M with its canonical two form
such that 7(0) = h(v,-). Here X is the kinetic energy , p — %h (p,p) defined
on T*M and =* is the cotangent bundle projection. Define 8 = x* o 1.

(1) Use df,(v) > 0 to reparametrize n for small enough positive ¢ to an
integral curve of the Hamiltonian vector field on 7* M with Hamiltonian X;
hence the base curve y is a geodesic , cf. ref. [1, pp. 218, 223]. Now (4.1)
follows, since K — %af o mr* is identically zero along 5. If 0: ]0,e[ = M isa
geodesic, satisfying (4.1), define

¢ 1 ! 1
FO=)pTeom® FO= L ram®

for t € ]0,¢[. F; and F. have inverses H, and H, according to (4.1).
g(o',-) o Hy and g(3',-) o H, are then integral curves of X:. Take a flow
box, cf. [1, p. 67, 2.1.9], for X around A(v,-} and use this to verify that
the images of F; and F; are intervals ]a,.a>[ and ]by, b, [, respectively, with
a;,by > —oc. This in turn means that a; and b; belong to the domain of
definition of @, and @,, respectively, and that

(Du(al) = d)v(bl) )
where u = g(o'(€/2),-) , v = g(¥'(€/2),-) and P denotes the flow of X;.

Hence there exists a § € ] —€,¢ [ such that y(¢) = o (¢t — @), whenever both
sides are defined. Now (4.1) implies that ¢ = 7.



12 J.Chr. Larsen / Singular semi-Riemannian geomelry

(2) Define

F(t) =/o{foﬂ(s)ds, (4.2)
forte 1-6,0 [\ {0} = J and put F(J) = I. Verify that
(f o B)' (1) = tiah(df,df), + o(t)
by using the fact that n is an integral curve of X; hence
B'(s) =sl(s), 1(0) = agrad,f ,

where [ is analytic. We can therefore suppose that F’ > 0 on J and put
H = F~!. Now define y = o H and prove its uniqueness as in (1). a

Remark 4.2. A potential function ' : M — R and an energy level E € R give
rise to the Jacobi metric 2 = (E — V' )h and the E configuration space

Mg ={peM|V(p)<E}.

It is well known that the physical paths of the mechanical system with kinetic
energy K : TM - R, v %h('v,'v) derived from the metric and potential
energy V , ie. solutions of y” = —grad ¥V in Mg, are precisely the geodesics
of the Jacobi metric, see ref. [1, p. 228] or ref. [13]. Theorem 4.1 shows how
geodesics can behave near boundary points of M.

Example 4.3. In (M, g), where M = R?, h = dx?—dx? and f (x;,x;) = X1, X}
from the proof of theorem 4.1 has the flow

Dipq) (8) = (305° + DiS + 41, —P2S + @, $as + p1,pa) .

Hence y(t) = ((£2)'/3,0) , t e R\{0} and o(¢) = (2t)1/2(1,1), t € R, are
geodesics. This shows that geodesics hitting the bad set = at time O are in
general not differentiable at 0.
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5. Parallel translation through conformal singular points

In the rest of this paper we consider a real analytic n-dimensional manifold
M with symmetric (0,2) tensor field g = fh, where f and / are real analytic.
Let y : I — M denote the unique geodesic satisfying (4.1) with v = 0 and
some a > 0. It is defined on some punctured open interval I around O in R.
Recall that yo F = B extends to an analytic curve on I, = I U {0}, where
F:J - F(J) =1 is defined in (4.2). This extended curve is also denoted
B. F has an inverse H. Finally put J; = J U {0}. We will use this notation
throughout the rest of the paper.

Theorem 5.1. To any v € T,M there exists a V¥ parallel vector field X along
y such that W = f o B X o F extends analytically to J, and

VAW(t)>v fort—0 .

If Z is a parallel vector field along y satisfying the above requirements, then
Z =Y.

Proof. Since f o B is analytic we can write

’

+00
foB(s) =) as*, |sl<d, (5.1)
k=0

for & small enough. In some chart (U, ¢) around p , consider the system of
differential equations

ws S = L[ o BTV
+ 35S (BYY* —df (Y) B + grad,/ *h(Y, 8'))] , (5.2)

where f o B(s) = a,s2b(s) and b is analytic. Here "I“J are the Christoffel
symbols for the metric tensor & and a superscript or subscript k € {1,...,n}
means the kth coordinate. grad, /% and B are the kth coordinate of the local
representative of grad, f/ and f, respectively. The right hand side of (5.2)
defines a matrix A(s) such that A(s)(Y)* equals this bracket for all Y and

k. Since A is analytic we can write

+o00
A(s) =) Aes®, |s|<d,
k=0
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by reducing ¢ if necessary. Let C; € R” and define for £ > 1
k
Ciyr = (@a(k + 1) id— 4,17 442 ,Cj = Dy .
j=1
This is well defined, since computations show that
A(0) =0, a = }ah(df,df), , = tah(df,df), id .

To see this we use that 8 is an integral curve of the Hamiltonian X from the
proof of theorem 4.1; hence

Bi(0) =0,  Bi(0) = lograd,f*

Put V; = || D; || r' ,r € 10,6 and deduce that
k
(k+ DVigr < K W

for some K > 1. According to ref. [4, p. 90] we have that

i
> G
k=m

<ZK(K+1) (K +k-2)

k
i NGl s

k=m
hence

+ oo
Y(s) =Y Cis*

k=1
is well defined and analytic in a neighbourhood of zero . Check that Y satisfies
(5.2) by comparing the power series expansion of the right hand side with the
left hand side of (5.2). Put X?(¢) = (1/f oy)Y o H(t) for small nonzero ¢
and verify that C; can be chosen so that X gives us what we seek.

If Z is a parallel vector field as stated in the theorem, then the local

representative U of f o § Z o F satisfies (5.2). Then

+00
Y(s)=U(s) =) (G- Ch)s*,

k=0

which is defined on a neighbourhood of zero, satisfies (5.2); hence

XRKK+1)-- k -
Iy -ve < 3 X +(k)_l),(fﬁ._+l 2)

k=1

IsFIc-cii =0,

if C; = C]. This finishes the proof. o
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6. Jacobi fields

Now we aim to study how Jacobi fields behave along the geodesic y . In
the rest of this paper we assume that # is Riemannian and use the curvature
sign convention

RxyZ =Vxv1Z - [Vx,Vy1Z .

Theorem 6.1. Given v,w € T,Z, there exists an analytic V8 Jacobi field Y
along y such that Y is orthogonal to y' , Y o F extends analytically to J, and

}irréY(z) -0, lirr&V",YoF(t) =w . (6.1)
— 11—

If W is another Jacobi field along y orthogonal to y' such that W o F extends
analytically to J, and satisfies (6.1), then W =Y.

Proof. We have the power series expansion (5.1) for f o B(s) = as?b(s).
Take a basis d, ...,d,_, for T,Z such that h(dy,d;) = a,6f; hence

h(grad, f,d:) =0 .
According to theorem 5.1 there exist parallel vector fields E; along y such that
lim,_,g Vg, W;(s) = d; where W; = fof E;oF. In view of the local expression
for X} from the proof of theorem 4.1, we have

2a;sy' (F (s)) — o grad, f

and also
aSE;(F(s)) — d;

as s — 0. This shows that the E; are orthonormal and orthogonal to y’. Now
define an analytic curve

= { (f :B) g(REoF )./op()"OF),EiOF)}i,j

in the real vector space Mat(n—1,n—1) of real n — | x n — 1 matrices. Write
+00 .
H(s) = 5750 B)(9) &' = Zka" ,

R(s) = 573509 = qu,
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for s € ] — 6,6 [, 6 small enough. Define for k > 3

k-1
Gr = —[ibik(k-3) + ¢]7! Z(Ck—j —jbe—j1)Gj
j=1
Go=0, G,Gp eER™! ., (6.2)

From ref. [13, p. 287] or ref. [20] we have the formula

8(RE (¥, En)

= g(RL , (), En) — —df (¥)26" + 5 LH 6Ly 8

4f2 2f
+ (=750 (Bn) 47 (Bn) + 5 HU) BB + 5(0f.00 0 67 )

(6.3)

4f3

We evaluate at ¢ = F(s) and use the notation H(f ) for the hessian of f/ with
respect to 4. Enumerate the terms on the right by I to VI. Then computations
show that

(foB) VI tah(df,df), o" ,
(foP)P 1, (foB)P M, (foB)3 IV, (foB)P V-0,
(fOB)3 II_’_%ah(de,de)P 6':" [

for s — 0. Hence ¢y = tah(df,df) id = b,. Furthermore b, = 0. To see this
take a chart (U, ¢) around p and define p;,.., p» by

Bi(s) = hip;(s) .
J

Differentiate both sides twice and use the local expression for X* to verify
that ;" (0) = 0, hence b, = 0. Also ¢; = 0, because each of the terms on the
right hand side of (6.3) multiplied by (f o #)3 has vanishing derivative at 0.
To see, for instance, that the derivative of (f o )3 Il at 0 is O write

B'(s) =sl(s), 1(0) = dagrad,f ,

where / is analytic. The claim now follows by differentiating (f o 8)3 II and
using that //(0) = 0 and

b'(0) = (f o B)"(0)/6a, =0 .
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This shows that the G, are well defined. Now take an M > O such that

k~1
kKVesMY Vi,
Jj=1

where ¥, = r* || G¢ || and r € ]0,0[. Put W, = Vary + Vak42, 5O that
k
k+ Wi MY W,
j=0

and use ref. [4, p. 90] to get

M(M+1)~-'(M+k—l)W

This shows that for small enough s , Z(s) = Z 2 Gys* is well defined and
a real analytic solution to

2d2

Fr e —R(s)(Z(s)) + H(s)(Z'(s)) . (6.4)

as
To see that the Z defined above solves (6.4), simply compare the power series
expansions of the right and left hand sides of (6.4). Now define

X:ZZ,-E,-oF

and expand the terms of the corresponding coordinate expression to verify
that we can choose Z;/(0) and Z;(0) to obtain the initial conditions as stated
in the theorem. Using the definitions of A and R it is a simple matter to
check that X o H is a Jacobi field on a punctured neighbourhood of 0 , from
which we obtain Y. In fact

(ZioH)" = g(RXQH ¥ (¥"), Ep)

If W is another Jacobi field as stated in the theorem, then we can write
WoF =Y W, EioF. Then V = (W,,..., W,_,) is analytic and satisfies (6.4).
Hence V' — Z satisfies (6.4) and then the arguments above show that

VV 4 VV -Z
vy -zol < =22t

|s/r|2)M |s| <r<d .

Here the ¥,/ =7 are the V} defined above, corresponding to the solution V - Z.
This inequality shows that V = Z, thus W = Y. 0



18 J.Chr. Larsen / Singular semi-Riemannian geometry

7. Geodesic variations

In this section we find geodesic variations whose variation vector field is
a given Jacobi field along the geodesic y. To this end let a,b € I, where
a < 0 < b. An analytic V& geodesic variation of the restriction of y to
la,b[ \ {0} is a continuous map

oc:la,b x |1—-€,e [ M

such that o is analytic in ]a,b[ \ {0} x 1 —¢€,€¢ [, u+— a(0,u) is a curve in
Zand forall ue )1 —¢,e [,

t—o(tu) , t#£0,
are V8 geodesics in M\Z.
Proposition 7.1. Let Y be the unique Jacobi field along y, such that Y o F
extends analytically to J,, and such that Y is orthogonal to y' and satisfies (6.1)
with w = 0. Then there exists an analytic V& geodesic variation

og:la,b[ x |-€,e [ oM

of the restriction of y to la,b[ \ {0} with variation vector field Y, that is
52(60) = Y(0) , fort€ labl\ {0} .

Proof. Take a neighbourhood V' of 0, in T*M such that the closure of some
open interval ]a,,b;[ containing H([a,b]) is contained in the domain of
definition of @, for every o, € V. Here @ denotes the flow of the Hamiltonian
X from the proof of theorem 4.1. Take an analytic curve ¢: | —€,e [ = V
such that / vanishes on the base curve n* o ¢ and

c(u) = Orr‘oc(u) s (7['0(‘)'(0) =Y(0) .

The metric % induces a raising operation #, hence d = #c: | —-€,e [ = TM
satisfies

Viroeyd(0) = im VY o F (1) . (7.1)
Now define

n: lahlxl-€ee[-M, (ssuy»a*od(s,c(u)) .
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Expand f o 7 to third order in the first argument at (0, #). Now use that

(f 077)"(0, u) = %ah (df,df);,(o,u)

to get fon > 0 near (0,0) and then at every (s,u) € [a;,b;] x ]—¢€,e[,s # 0,
by choosing a smaller € if necessary. We now reparametrize # to an analytic
V¢ geodesic variation via

5
Fs,u) =/ fonwwdy ,  Huw = E7\@)
0
o(t,u) = n(H((1 +Auw),u),u) , A€R,
for (t,u) € Ja,b[ x ] —¢€,€ [, by reducing ¢ if necessary. Now compute

o2F
6t6u

a—u(F(s,O),O) = —E(S,O)/foﬁ(s) .

OF 0,0y =ar (a” (o, 0)) = df(Y(0)) =0,

From this it follows that
(e 90 (R ,00,00 = W)

= Tr* o Td,(c'(0)) + B'(1) (Av (5,0) + H(s,O))
du s=F@t0) (7.2)

is analytic and also that its value at t = 0 is Y (0). Use (7.1) and the fact
that the time derivative at zero of the differential of a flow is equal to the

differential of the corresponding vector field to verify that

VW (0) = im Vi Yo F(1) .
11—
To see this we have used df (lim,_g V4 Y o F(1)) = 0 to show that

33

oeon 0 =0

Hence the last term on the right hand side of (7.2) contributes a 0 to V’;,, W (0).
Since W o H is a V¢ Jacobi field we have

h(W,B') = aF(s5,0) + b
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for some a,b € R. Expanding the left hand side one obtains
sAK + terms of order > 1

for some nonzero K. Choosing A appropriately W o H becomes orthogonal
to y’' and then the proposition follows from the uniqueness part in theorem
6.1. ]

Example 7.2. In R* with coordinates (x|, x3, X3), the function f = X, restricts
to an analytic function on S? with its usual metric tensor 4. According to
theorem 4.1 there is a geodesic y through (1,0,0) for the metric tensor f4. In
fact s = (coss?,sins?,0), | s| < (7)'/? can be reparametrized to an analytic
curve f# such that #(f’,-) is an integral curve for the Hamiltonian X from the
proof of thecrem 4.1. A rotation around the x,-axis is an isometry for 4 and
yields an analytic variation of y through geodesics. This gives a Jacobi field
Y as in theorem 6.1 with Y(a) = Y (b) = 0, where y(a) = y(d) = (0,1,0).
Due to the existence of this Jacobi field, it also follows from proposition 7.1
that (0, 1,0) is an almost meeting point for geodesics near 7.

There is also a comparison theorem in the present context, when M is a
surface.

Sturm comparison theorem 7.3. Suppose W;,K,,i = 1,2 are analytic functions
on I, and

Ki(0) = jeh(df,df),, Ki(0)=0, K, <K, .

If Y; = sW; satisfy

" (foﬂ)' ‘ K;
i—‘. | ==Y, = ———Y; .
LY; =Y foﬂ Y = fOﬂY (7.3)

and Wi(a) = Wi(b) = 0, Wi(s) # 0, s € ]a,b[ ; then there exists an
s € la,b[ such that Wy(s) = O provided K, # K, on la,b|[ .

Proof. Assume for contradiction that W), W, > 0 on ]a,b[ . Verify that the
integrand in

<0

b 1 b 1
-Y, LY))—ds = -
/a i L, -1, l)foﬂds /a Y, I (K, K")(foﬁ)st <

1s analytic. Substitute 1 = F(s) to obtain the integrand

(YioH (Y0 H) - Y,0H (Y10 H)')
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and argue as in ref. [16, p. 333]. O
Remark 7.4. Notice, that on surfaces (6.4) has the form (7.3).

For our purposes it turns out that the following proposition is more useful.
So let

+ 00
P(s) =Y (-D*ast , a>0,
k=0
be absolutely convergent in ] — r,r [ and define

Pa(s) = S (~DFapst

k=0

Proposition 7.5. Suppose P, has a root s, € 10,r[ and

—dyky1 + Qg2 250 (7.4)

forall k > 1. Then P has a positive root and the first of these, x, lies in 10,s,].
If furthermore

a
Qo — Ak 41 E?ZO (7.5)
Jorall k > 1, then x > ap/a,.

Proof. Use (7.4) to find a strictly decreasing sequence (sy)x>; of positive
numbers such that P (s3) = 0 with limit point y < s3. Then P(y) = 0.
Notice that P(0) = ag > 0. Now the last statement follows immediately from
assumption (7.5). 0

Example 7.6. On M = S?\{x; = 0, x; < 0} in R? with coordinates (x,, Xz, X3)
we have an analytic function given by f(0,4) = ¢ in spherical coordinates
(6,¢) on S%. According to ref. [12, p. 81] the sectional curvature K of
(M, f hyar) is defined for ¢ # 0 and when 6 = n/2

K=%(1+2+¢2).

Here h is the pullback to S? of the standard metric tensor Y°,dx? on R3.
B(s) = (6,¢)(s) = (0,3s2) , 45?2 € 10,n[ reparametrizes via F in (4.2) to
a unit speed geodesic. The differential equation giving the Jacobi fields thus
reads

$2Z"(s) = — (34 +2) Z(s) + 25Z'(s)
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cf. (6.4). Theorem 6.1 contains the solution formula (6.2), which yields the

solution
Z(s)—s++§oo (-DF s¥+l
- 4k (4k - 1) - 4.3 4k

This means that we can use proposition 7.5 to assert that the Jacobi field

YoH , Y(s)= ((2/5)Z(s5),0)

has its first positive zero x in ]%,3[. As pointed out above we can repara-
metrize B to a geodesic y through y(0) = B(~x). This geodesic hits the bad
set = for some positive time and then returns at time fy to y(f) = B(x).
Above we found a Jacobi field along y that vanishes in 0 and #,. According
to proposition 7.1 y(ty) corresponds to an almost meeting point for nearby
geodesics along the geodesic y. Notice that the initial curve of the geodesic
variation guaranteed by proposition 7.1 is in the bad set =. We can therefore
also think of y(fg) as a focal point for the bad set =. So the Jacobi fields
we found in theorem 6.1 give us information about the infinitesimal geodesic
behaviour near a geodesic that hits the bad set =.
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